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Abstract 

We consider sparse random intersection graphs with the property that the clustering co- 
efficient does not vanish as the number of nodes tends to infinity. We find explicit asymptotic 
expressions for the correlation coefficient of degrees of adjacent nodes (called the assorta- 
tivity coefficient), the expected number of common neighbours of adjacent nodes, and the 
expected degree of a neighbour of a node of a given degree k. These expressions are written 
. in terms of the asymptotic degree distribution and, alternatively, in terms of the parameters 

■ defining the underlying random graph model. 
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1 Introduction 



Assortativity and clustering coefficients are commonly used characteristics describing statistical 
dependency of adjacency relations in real networks ([IB], [2], [20] )• The assortativity coefficient 
of a simple graph is the Pearson correlation coefficient between degrees of the endpoints of 
a randomly chosen edge. The clustering coefficient is the conditional probability that three 
randomly chosen vertices make up a triangle, given that the first two are neighbours of the third 
one. 

^ . It is known that many real networks have non-negligible assortativity and clustering coefficients, 

1/-^ I and a social network typically has a positive assortativity coefficient ([H], [21] )■ Furthermore, 

■ Newman et al. [21] remark that the clustering property (the property that the clustering coeffi- 

. cient attains a non-negligible value) of some social networks could be explained by the presence of 

I a bipartite graph structure. For example, in the actor network two actors are adjacent whenever 

• they have acted in the same film. Similarly, in the collaboration network authors are declared 

CN ■ adjacent whenever they have coauthored a paper. These networks exploit the underlying bi- 

partite graph structure: actors are linked to films, and authors to papers. Such networks are 
sometimes called affiliation networks. 
^ ■ In this paper we study assortativity coefficient and its relation to the clustering coefficient 

Hi in a theoretical model of an affiliation network, the so called random intersection graph. In 

a random intersection graph nodes are prescribed attributes and two nodes are declared adjacent 
whenever they share a certain number of attributes (jdlj, [15j, see also [13]). An attractive 
property of random intersection graphs is that they include power law degree distributions and 
have tunable clustering coefficient see [5], [6], [8], [12]. In the present paper we show that the 
assortativity coefficient of a random intersection graph is non-negative. It is positive in the case 
where the vertex degree distribution has a finite third moment and the clustering coefficient is 
positive. In this case we show explicit asymptotic expressions for the assortativity coefficient 
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in terms of moments of the degree distribution as well as in terms of the parameters defining 
the random graph. Furthermore, we evaluate the average degree of a neighbour of a vertex of 
degree k, k = 1,2, . . . , (called neighbour connectivity, see [16], [23])) and express it in terms of 
a related clustering characteristic, see ^ below. 

Let us rigorously define the network characteristics studied in this paper. Let Q = (V, £) be 
a finite graph on the vertex set V and with the edge set £. The number of neighbours of a vertex 
V is denoted d{v). The number of common neighbours of vertices Vi and vj is denoted d{vi,Vj). 
We are interested in the correlation between degrees d{vi) and d{vj) and the average value of 
d{vi,Vj) for adjacent pairs Vi ~ Vj (here and below '~' denotes the adjacency relation of G). 
We are also interested in the average values of d{vi) and d{vi,Vj) under the additional condition 
that the vertex Vj has degree d{vj) = k. 

In order to rigorously define the averaging operation we introduce the random pair of ver- 
tices (^1,^2) drawn uniformly at random from the set of ordered pairs of distinct vertices. By 
'Eif{v\,V2) = Yli^j fi'^i^'^j) W6 denote the average value of measurements f{vi,Vj) eval- 

uated at each ordered pair {vi,Vj), i j. Here = |V| denotes the total number of vertices. By 
f {y\,v'^ = p~^E ^/(^i, W2)I{i)*~j;*}^ we denote the average value over ordered pairs of adja- 
cent vertices. Here pe* = P(v| ~ t'^) denotes the edge probability and Ij^j.^^^,} = 1, for ~ Vj, 

and otherwise. Furthermore, W'' f{vl,V2) = p^J^E ^/(u|, W2)I{t,*^t,*}I{d(i,j)=fc}^ , denotes the 
average value over ordered pairs of adjacent vertices, where the second vertex is of degree k. 
Here pk* = P{vl ^ V2, d{v2) = k). 

The average values of d{vi)d{vj) and d{vi, Vj) on adjacent pairs Vi ~ Vj are now defined as follows 

g{G) = Wd{vl)d{v*2), h{g) = ^*d{vl,v*2), hk{g) = W^d{vl,v*2). 
We also define the average values 

h{g) = E*d(z;i*), h'{g) = ^*d\vi), bk{g) = E*''d{vi) 



and the correlation coefficient 



called the assortativity coefficient of g, see [IS], [19]. 

In the present paper we assume that our graph is an instance of a random graph. We consider 
two random intersection graph models: active intersection graph and passive intersection graph 
introduced in [10] (we refer to Sections 2 and 3 below for a detailed description). Let G denote 
an instance of a random intersection graph on N vertices. Here and below the number of vertices 
is non random. An argument bearing on the law of large numbers suggests that, for large A^, we 
may approximate the characteristics b{G), bk{G), h{G) and hk{G) defined for a given instance 
G, by the corresponding conditional expectations 

b = Wd{vl), bk = 'E.*''d{vl) h = Wd{vl,v*2), hk = W^d{vl,vl), (1) 

where now the expected values are taken with respect to the random instance G and the random 
pair (^1,^2)- We assume that {vi,V2) is independent of G. Similarly, we may approximate r{G) 
by ^ = fEp, where b' = Wd{vl) and g = Wd^{vl). 

The main results of this paper are explicit asymptotic expressions as — +00 for the correlation 
coefficient r, the neighbour connectivity 6^, and expected number of common neighbours 
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defined in ([T]). As a corollary we obtain that the random intersection graphs have tunable 
assortativity coefficient r > 0. Another interesting property is expressed by the identity 

5fc - /ifc = 6 - /i + 0(1) as N +00 (2) 

saying that the average value of the difference d{vi) — d{vi,Vj) of adjacent vertices Vi ~ Vj is not 
sensitive to the conditioning on the neighbour degree d{vj) = k. That is, a neigbour Vj of Vi 
may affect the average degree d{vi) only by increasing/decreasing the average number of common 
neighbours d{vi,Vj). It is relevant to mention that hk = {k — l)a^''\ where a^^^ = F{vl ~ ^2!^! ~ 
v^,V2 ~ ^3,^(^3) = k) measures the probability of an edge between two neighbours of a vertex 
of degree k. In particular, we have 

6fc = (A: - l)aW + 6 - + 0(1) as iV ^ +00. (3) 

The remaining part of the paper is organized as follows. In Section 2 we introduce the active 
random graph and present results for this model. The passive model is considered in Section 3. 
Section 4 contains proofs. 

2 Active intersection graph 

Let s > 0. Vertices vi,...,Vn of an active intersection graph are represented by subsets 
Di, . . . , Dn of a given ground set W = {wi, . . . ,Wm}- Elements of W are called attributes 
or keys. Vertices Vi and Vj are declared adjacent if they share at least s common attributes, i.e., 
we have \Di Ci Dj\ > s. 

In the active random intersection graph Gs{n, m, P) every vertex Vi £ V = {vi, . . . , v^} selects 
its attribute set Di independently at random ([H]) and all attributes have equal chances to 
belong to Di, for each i = l,...,n. We assume, in addition, that independent random sets 
Dn have the same probability distribution. Then, we have 

P(A = A) = (-)-V(|^|), (4) 

for each A gW, where P is the common probability distribution of the sizes Xi = \Di\, 1 < i < n 
of selected sets. We remark that Xi, 1 < i < n are independent random variables. 
We are interested in the asymptotics of the assortativity coefficient r and moments ([TJ in the 
case where Gs{ri,m, P) is sparse and n, m are large. We address this question by considering 
a sequence of random graphs {Gs{n,m, P)}n, where the integer s is fixed and where m = mn 
and P = Pn depend on n. We remark that subsets of W of size s plays a special role, we 
call them joints: two vertices are adjacent if their attribute sets share at least one joint. Our 
conditions on P are formulated in terms of the number of joints ( ^'j available to the typical 

vertex Vi. We denote = ^{'^J^) ■ It is convenient to assume that as n — )• 00 the rescaled 

number of joints Zi = (™) ^^'^^i-^^'^i^g) converges in distribution. We also introduce the A:-th 
moment condition 

(i) Zi converges in distribution to some random variable Z; 
(ii-k) < EZ'^ < 00 and lim„_,oo EZf = EZ'=. 

We remark that the distribution of Z, denoted Pz, determines the asymptotic degree distribution 
of the sequence {Gs(n, m, P)}„ (see [5], [6], [8], [25]). We have, under conditions (i), (ii-1) that 

\nn V {d{vi) = k) = pk, Pk = {k\r^'E.({ziZfe-''^), A: = 0,1,.... (5) 
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Here we denote = EZ^. Let d^, be a random variable with the probabihty distribution 
P((i* = k) = Pk, k = 0,1, . . . . We call the asymptotic degree. It follows from ^ that the 
asymptotic degree distribution is a Poisson mixture, i.e., the Poisson distribution with a random 
(intensity) parameter ziZ. For example, in the case where Pz is degenerate, i.e., F{Z = zi) = 1, 
we obtain the Poisson asymptotic degree distribution. Furthermore, the asymptotic degree has 
a power law when Pz does. We denote 

(5j = Ed* , 6i = 'E{d^:)i, where {x)i = x{x — 1) ■ ■ ■ {x — i + 1). (6) 

Another important characteristic of the sequence {Gs{n,m, P)}n is the asymptotic ratio /3 = 
limm->.oo C^)/"'- Together with Pz it determines the first order asymptotics of the clustering 
coefficient a = P{vi ^ V2\vi ^ V3,V2 ^ v^), see [6], [8]. Under conditions (i), (ii-2), and 

^/3g(0,+oo) (7) 

we have 

a = ^+o(l) = ^^+o(l). (8) 

Furthermore, we have a = o(l) in the case where {^^'n~^ — )• +oo. We remark that a = o(l) 
also in the case where the second moment condition (ii-2) fails and we have EZ^ = +00, see [6]. 
To summarize, the clustering coefficient a does not vanish as n, m — )• 00 whenever the asymptotic 
degree distribution (equivalently Pz) has finite second moment and < /3 < 00. 
Our Theorem[Tl see also Remark 1, establishes similar properties of the assortativity coefficient r: 
it remains bounded away from zero whenever the asymptotic degree distribution (equivalently 
Pz) has finite third moment and < /3 < 00. 

Theorem 1. Let s > be an integer. Let m,n ^ 00. Assume that (i) and ([7]) are satisfied. In 
the case where (ii-3) holds we have 

ai 



13 ^(aios - 02) + a2 
1 6f 



+ 0(1) (9) 



.2 +0(1)- (10) 



\/?<53<5i -62 + 6261 
In the case where (ii-2) holds and EZ^ = 00 we have r = o(l). 

We note that the inequality 0103 > ag, which follows from Holder's inequality, implies that the 
ratio in the right hand side of Q is positive. 

Remark 1. In the case where (i), (ii-2) hold and — ^ -l-oo we have r = o(l). 

Our next result Theorem [2] shows a first order asymptotics of the neighbour connectivity and 

the expected number of common neighbours hk. 

Theorem 2. Let s > 1 and k > be integers. Let m,n ^ 00. Assume that (i), (ii-2) and ([7D 
hold. We have 

6= l + /3-ia2 + o(l), h = ^-^ai + o{l) (11) 

and 

hk+i = -TT—r + 0(1), (12) 

/3 k + 1 pk+i 

bk+i = 1 + l3-^{a2-ai) + hk+i + o{l). (13) 
Here ai = (/35i)^/2 + o(l) and aa = ^62/ 61 + o(l). 
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We remark that the distribution of the random graph Gs{n, m, P) is invariant under permutation 
of its vertices (we refer to this property as the symmetry property in what foUows). Therefore, 
we have b = E{d{vi)\vi ~ V2) and bk+i = £(^(^1)1^1 ~ V2,d{v2) = A; + 1). In particular, the 
increment — b shows how the degree of V2 affects the average degree of its neighbour vi. By 
PT|) . (fTB|) . we have b^+i — b = ^ ^^^^^f^ ~ ^) ~'~ Examples 1 and 2 below we evaluate 

this quantity for a power law asymptotic degree distribution and the Poisson asymptotic degree 
distribution. 

Example 1. Assume that the asymptotic degree distribution has a power law, i.e., for some c > 
and 7 > 3 we have Pk = {c + o{l))k~^ as A; — >• +00. Then 

1 = — ; h oik . 



A; + 1 pk+i 

Hence, for large A, we obtain as n,m —)• +00 that 6^+1 — 6 w ^"^(7 — l)(5i//3)^/^. 

Example 2. Assume that the asymptotic degree distribution is Poisson with mean A > 0, i.e., 
= e-^X^/k\. Then 

k Pk i_ !^ _i 



k + 1 pk+i A 
and, for large k, we obtain as n, m — )• +00 that 



(A/3)-i/2^. (14) 



Our interpretation of (HH) is as follows. We assume, for simplicity, that s = 1. We say that 
an attribute w G W realises the link Vi ~ vj , whenever w € Di Ci Dj. We note that in a sparse 
intersection graph Gi{n,m, P) each link is realised by a single attribute with a high probability. 
We also remark that in the case of the Poisson asymptotic degree distribution, the sizes of the 
random sets, defining intersection graph, are strongly concentrated about their mean value ai. 
Now, by the symmetry property, every element of the attribute set D2 of vertex V2 realises 
about k/\D2\ ~ k/ai links to some neighbours of V2 other than vi. In particular, the attribute 
responsible for the link vi ~ V2 attracts to vi some k/ai neighbours of V2- Hence, bk+i — 6 ~ 
af^A; « (/3A)-V2fe. 

Finally, we remark that ([II]), dE]), and (USD imply 



3 Passive intersection graph 

A collection Di, . . . , Dn of subsets of a finite set W = {wi, . . . , Wm} defines the passive adjacency 
relation between elements of W: Wi and Wj are declared adjacent if Wi,Wj G Dk for some Dk- 
In this way we obtain a graph on the vertex set W , which we call the passive intersection graph, 
see [11]. We assume that Di, D2, ■ ■ ■ , Dn are independent random subsets of W having the same 
probability distribution In particular, their sizes Xi = \Di\, 1 < i < n are independent 
random variables with the common distribution P. The passive random intersection graph 
defined by the collection Di, . . . , Dn is denoted GJ(n, m, P). 

We shall consider a sequence of passive graphs {G^(n, m, P)}„, where P = Pn and m = rrin 
depend on n = 1, 2, . . . . We remark that, in the case where Pn = mn~^ is bounded and it is 
bounded away from zero as n, m — +00, the vertex degree distribution can be approximated by 
a compound Poisson distribution ([6], [H]). More precisely, assuming that — ^ /? £ (0, +00); 

(Hi) Xi converges in distribution to a random variable Z; 
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(iv) < oo and lim^^oo EXf = EZ^/^ 

it is shown in [6J that d{wi ) converges in distribution to the compound Poisson random variable 
d** := S^=i Zj. Here Zi, Z2,. ■ ■ are independent random variables with the distribution 

P(Zi = j) = {j + 1)P(Z = j + 1)/EZ, i = 0, 1, . . . , 

in the case where EZ > 0. In the case where EZ = we put P(Zi = 0) = 1. The random 
variable A is independent of the sequence Zi, Z2,...and has Poisson distribution with mean 
EA = p-^EZ. 

We note that the asymptotic deg rcG (i^^ has a power law whenever Z has a power law. Further- 
more, we have Ed* ^ < 00 <J4> EZ*+^ < 00, i = 1, 2, . . . . 

In Theorems [3l H] below we express the moments b, h, bk, hk and the assortativity coefficient 
r = y-^^ of the random graph G\{n, m, P) in terms of the moments 

2/i = E(Xi)i and J„ = E<, i = l,2,.... 

Theorem 3. Let n,m ^ 00. Assume that (iii) holds and 

(v) P(Z > 2) > 0, EZ'' < 00 and lim„_^oo EXf = EZ^. 
In the case where /3„ — )• /3 € (0, +00) we have 



y2yi + ^22/3 - yi 



+ 0(1) (15) 



l- . r ,2' (16) 



2/22/4 + 2/22/3 - 2/3 + /3n ^2/2(2/2 + 2/3 ; 



/n i/ie case where /3n — ^ +00 we /laue r = 1 — o(l). /n i/ie case where — )• and — )• +00 
we have r = o(l). 

Remark 2. We note that := 2/22/4 + 2/22/3 ~ 2/3 is always non-negative. Hence, for large n, m we 
have r > 0. To show that 2/* ^ we combine the identity 2y^, = Ey(Xi,X2), where 

y[h3) = 2/'(i,j) + y'{j,i), y'ihj) = (02(j)4 + (i)2(j)3 - (^)3(j)3, 

with the simple inequality 

y{i,j) = ii)2{j)2 {{i - 2f + (j - 2)2 - 2{i - 2){j - 2)) > 0. 

Remark 3. Assuming that 2/2 > and 1/2 = o{mj3n) as m, n — )• +00, Godehardt et al. ^2j showed 
the following expression for the clustering coefficient of G\{n,m,P) 



«= ''vT^^''^ +°(i). (17) 

/3n 2/2+2/3 



Now, assuming that conditions (iii) and (v) hold we compare a and r using (jlSp and (|17p . For 
/3n — ^ /3 G (0, +00) we have r < 1 and a = (l + y'2 / {Py?,)) + o(l) < 1. In the case where 
(in — ^ +00 we have r = 1 — o(l) and a = 1 — o(l). In the case where and n/3j^ — >• +00 

we have r = o(l) and a = o(l). 

Our last result Theorem [3] shows a first order asymptotics of the neighbour connectivity bk and 
the expected number of common neighbours h^ in the passive random intersection graph. 
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Theorem 4. Let ni,n ^ oo. Assume that f3n ^ f3 £ (0, +cxd) and (iii), (v) hold. Then 

6 = 1 + /3-iy2 + y2^y3 + 0(n~i) = 5,2Ci' + (18) 
h = y2^y3 + 0(n~') = 6,2^;,^ - 1 - S,i + o(l). (19) 

Assuming, in addition, that P((i** = A;) > 0, where k > is an integer, we have 

hk = k-^B{d2*\d^* = k) + o(l), (20) 
bk = l + r^y2 + hk + o(l) = l + 6^i+hk + o(l). (21) 

Here ^2* = Ei<i<A(^i)2- 

We remark that (HH]), ([I9D, ([20]), (HH) imply 

4 Proofs 

Proofs for active and passive graphs are given in Section 4.1 and Section 4.2 respectively. We 
note that the probability distributions of Gs{n,m,P) and G\{n,m,P) are invariant under per- 
mutations of the vertex sets. Therefore, for either of these models we have 

h =Ei2d(wi), h = Ei2d(wi,W2), (22) 

hk = Bi2{d{uj2)\d{uJi) = k), hk = Ei2{d{uji,U2)\d{uji) = k). 

Here uoi ^ ljJ2 are arbitrary fixed vertices and E12 denotes the conditional expectation given the 
event wi ~ UJ2- In the proof P and E (respectively, P* and E*) denote the conditional probability 
and expectation given Xi, . . . , Xn (respectively, Di, D2,Xi, . . . , X„). Limits are taken as n and 
m = rUn tend to infinity. We use the shorthand notation /^(A) = e~^X^ /k\ for the Poisson 
probability. 

4.1 Active graph 

Before the proof we introduce some more notation. Then we state and prove auxiliary lemmas. 
Afterwards we prove Theorem [U Remark 1 and Theorem [51 

The conditional expectation given Di , D2 is denoted E* . The conditional expectation given the 
event vi ~ V2 is denoted E12. We denote 

Yi = {^^), di = d{vi), d- = di - 1, dij = d{vi,Vj), 

= I{x,<mi/n' Ii = l-Ii, 6ij = l-Ii-Ij-im^^^-l)-^ (23) 
and introduce events 

4. = {|Ani?j| =s}, £i^ = {\D,nDj\>s + l}, £ij = {\D,nDj\>s}. 
Observe that £ij is the event that Vi and vj are adjacent in Gs{n,m, P). We denote 

777. 

Pe = P{£ij), ai = YYl Xi = EX{ , z, = BZ\ m = (T) , /3n = -• 

We remark that the distributions of Xi = Xni, Yi = Yni and Zi = Z^i = {n/m)^/'^Yni depend 
on n. 

The following inequality is referred to as LeCam's lemma, see e.g., [26]. 
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Lemma 1. Let S = Ii + I2 + • • • + In be the sum of independent random indicators with 
probabilities P(Ij = 1) = pi. Let A be Poisson random variable with mean pi + ■ ■ ■ + Pn- The 
total variation distance between the distributions Ps and Pa of S and A 

sup \P{S e A) - P{Ae A)\ < 2 Vpf . (24) 

AC{0,1,2...} ^ 

Lemma 2. ([6]) Given integers 1 < s < ki < k2 < m, let Di,D2 be independent random 
subsets of the set W = {1, . . . , m} such that Di (respectively D2) is uniformly distributed in the 
class of subsets of W of size ki (respectively k2). The probabilities p' := P(|-Di H D2I = and 
p" := P(|L>i n D2I > s) satisfy 

ih - s){k2 - s) \ < „' < „"< „* (2^) 

Here we denote p^^,^^, = C^^) C^) {^)-\ 

Lemma 3. Let s > be an integer. Let m,n^ 00. Assume that conditions (i) and (ii-3) hold. 

Denote X^i = m-^/^n^/^^''^XniI{x„^>s}- We have 

lim supBZ^,I{z„^^A} = 0, (26) 

supEX3^i<oo, lim supEX^^iI.^ = 0. (27) 

For any < u < 3 and any sequence An — )• +00 as n —)• 00 we have 

EZli,I{z„,>A^} = 0(1), BXHtl^ji^^^^^^ = 0(1). (28) 

Proof of Lemma\M The uniform integrability property (|26p of the sequence {Z^^}„ is a simple 
consequence of (i) and (ii-3), see, e.g.. Remark 1 in [5J. The first and second identity of (|27|) 
follows from (ii-3) and (f26l) respectively. Finally, (f28|) follows from ([26]) and (f27j) . □ 

Lemma 4. In Gs{n,m, P) the probabilities of events £ij = {vi ~ Vj}, £[2, £'{2, see (j23|) . and 
Bt = {\Dt n {Di U 1)2)1 > s + 1} satisfy the inequalities 

YiY2m-Hi2 < ^{£[2) < P{£i2) < YiY2rh-\ (29) 

YiYjm-Hij<P,{£ij) = P{£ij)<Y,Y,m-\ for {i,i}^{l,2}, (30) 

V{£^2) < YiY2XiX2{rhm)-\ (31) 

P*(i3t) < 2^ ((s + l)!mm)-^ ytXt(Xi^+i + ^2^+1). (32) 

We recall that Yi and 6ij are defined in (|23p . 

Proof of Lemma\^ The right hand side of ([29]) . (pO|) and inequality ([3T]) are immediate conse- 
quences of (f25]) . In order to show the left hand side inequality of (j29]) and (pOj) we apply the left 
hand side inequality of ([25]) . We only prove ([29]) . We have, see ([23]) . 

P(£:(2) = E%;, > E%;,Iil2 > ^-^^1^2111112(1 - XiX2{m - X^y^) > m-^YiY26i2. (33) 
In order to show ()32p we apply the right-hand side inequality of ()25p and write 

p.(^.) < I) cTi)-^ < r^f ) (.Ti)-^ (34) 

Invoking the inequalities [^_^-^ (^™-^) ^ < and 

(Xi + X2).+l < (Xi + ^2)^+1 < 2\Xl+^ + ^2^+1) 
we obtain ((321). □ 
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Lemma 5. Assume that conditions of Theorem are satisfied. Let k > be an integer. For 
d*i = T,A<t<n^£it (^^d A = P*(dJ = A;) - fkiP'^aiYi) we have 

E^\A\ < Rl + R*2 + R*3 + Rl, (35) 

where R^ = nm~^E^YiYi\l — Si^l and 

R*=n^/'^rh-^al^'^Yi, R^ = aiYi\{n - 3)m-^ - (3'^\, Rl = Inrh'"^ a2Y^ . 

Proof of Lemma\^ We denote S = E*d* = Yl,i<t<n ^*{^u) and = X^4<t<n and write 

A = Ai + A2, Ai = V,{d\ = k)- fkiS), A2 = fk{S) - fkip-^aiYi). 

We have, by Lemmad |Ai| < 2Y,^^^^^Pl{£it). Invoking ([30]) we obtain E*|Ai| < Next, 
we apply the mean value theorem |/a;(A') — /a,.(A")| < |A' — A"| and write 

\^2\<\S-r^aiYi\<rl + rl + Rl (36) 

where r^ = \S — YiSi\ and = Yi\Si — (n — 3)m"-'^ai|. Note that by pO]) . 

rl< \P.{£it)-rh-^YiYt\< J] rh-^YiYt\l - 5it\ 

i<t<n i<t<n 

and, by symmetry, E*rJ < R\. Finally, we have 

E,r^ = yiE,|5i - E,5i| < Yi (e,(Si - E.^O^^^^ < i?*. 

□ 

Lemma 6. Let m,n ^ oo. Assume (i), (ii-3) and (jT]) hold. Then 

£1244 = nm'^ai + n^m'^al + o(l), (37) 

Ei2d[ = nm~^a2 + oil), (38) 

Buid'if = Ei2d[ + n^m-^aias + o(l), (39) 

Ei2(ii2 = nm-^ai + o(l). (40) 

Proof of Lemma\^ Proof of \31^ . In order to prove ()37p we write 

Ei2 44=p-iEx, x:=%,2(i;4, pe:=P(^^i2) (41) 

and invoke the identities 

Ex = nfh^'^a\ + n^rh^^a\al + o{fh'^), (42) 
= m-^a\{l + o{l)). (43) 

Note that (|43p follows from (j30|) and (|28p . Let us prove (|42p . To this aim we write 

Ex = E (^l£,2E*(d;4)) = E(xi + X2), 

where xi = I^'/^E^^d'^dg and >C2 = l^i^^^d'id'2, and show that 

Exi = nfhr'^al + v?fh~^a\al + o(m"^), Ex2 = o(m~^). (44) 



Let us prove (01]). Assuming that Su holds we can write d'^ = J27=3 ^^ic * = 2, and 

E,d;4 = Si + S2, Si = ^ P, (Sit n £2t), S2 = 2 ^ P, {£u n ^2n) . (45) 

3<i<n 3<t<u<n 

To show the first identity of (|44p we write Exi = EI^:/^^! + El£-/^S'2 =: /i + /2 and evaluate 

Ii = nm^ ai + o{nfhr ), I2 = n fh^ aia2 + o(n fhT ). (46) 

We first evaluate /i. Given t > 3, consider events 

At = {\{Dir\D2)r\Dt\ = s} and ^3* = {| A n pi U i?2)| > s + !}• (47) 

Assuming that £[2 holds we have that At implies £it n £21 and iSif n £21 implies AtU Bt- Hence, 
P*(A) < i**{£it n <52t) < P*(A U ^i). Now, we invoke the identity P*(A) = rh'^Yt and write 

i^^^m-iy* = is^PMt) < hi,i**{£it n £:2t) < (PMt) + P*m) • (48) 

^Prom (j48|) and (|3'2p we obtain, by the symmetry property, 

77 — 2 71 — 2 T7 — 2 ~ 

^P(f(2)El3 < /i < ^P(f{2)Ey3 + -^BP{£[2)Ri, (49) 
m m mm 

where iii = y3X3(X^^+^ + X^+^). Next, we evaluate P(£:(2) and Pi£[2) = EP(^:(2) using i^: 

mP{£[2)'E^Y3 = a? + o(l), mEp{£[2)Ri = 0(1). 

Combining these relations with ()49p we obtain the first relation of (|46p . 
Let us we evaluate I2. We write 

m£>^P,i£u n £:2„) = B^P,i£u) P*(^2«) = P(£:{2)P('fit) P('?2n) (so) 

and apply (|29p to each probability in the right-hand side. We obtain 

Th'^iY^^YiYtYu - Rtu) < P{£'i2)P{£it) P{£2u) < m-^Y^Y^YtY^, (51) 

where Rm = ^i^^2^^t^M(l — 5i25it<J2u) satisfies Ei?tu = o{l), see (f28|) . Now, by the symmetry 
property, we obtain from ()5ip the second relation of ()46p 

h = {n- 2)2EP{£[2)P{£it) P{£2u) = n^m-^alal + o{n^m-^). 
To prove the second bound of we write, see (|^5]) . X2 = I^j'^(5i + 5*2) and show that 

h := Ble'i^Si < X2s+iXs+iXsn/{m^m), I4 := El£-//^5'2 < xlg_^_ix'j,n^ /(rh^m). (52) 
Here X2s+i, Xs+i, Xs = 0(1), by ([27|) . Let us prove ([5^ . We have, see ([221), 

Si< Yl P*^'^") ^ E ^1^^^"'- (53) 

3<i<n 3<i<n 

Furthermore, by the symmetry property and (j3ip . we obtain 

/3 = E(E%. 5i) = E(P(£:('2)5i) < (n - 2)(m2rn)-iEyi2y2y3XiX2. 
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Since the expected value in the right hand side does not exceed X2s+iXs+iXs, we obtain the first 
bound of ([52]) . In order to prove the second bound we write, cf. ([50]) . 

E^,P,{£un£2u) = P{£'^2)i'{£it)Pi£2u) < m-^m-%^YiYtY^XiX2. 

In the last step we used ()29p and ()3ip . Now, by the symmetry property, we obtain 

I4 = E(El£-//^52) < (n - 2)2m-^m-^EY^YiY3Y4XiX2 < n^m^^m^^x^^+iX^ 

Proof of i38\). We write, by the symmetry property, 

Eud[ = p-^B ^ Ie,M2 = {n- 2)p-^EIe,,Ie,, (54) 

3<t<n 

and evaluate using ([501) 

E%,,%,3 = EP(£:i2)P(£:i3) = m~^EY^Y2Y3 + o(m-2) = rh'^ala2 + o(m"2). 

Invoking this relation and (03]) in (|54p we obtain ()38p . 
Proof of i39\). Assuming that the event £12 holds we write 

(4)2 = ( ^ Ie,y = d[ + 2 

3<i<n 3<t<u<n 

and evaluate the expected value 

Ei2{d[f = E^2d[+p~\n - 2)2X*. (55) 
Here x* = El^-^j^^gl^^^. We have 

X* = EP(£:i2)P(£:i3)P(^:i4) = m^'Ey^y^ygy^ + ^(m-^). (56) 
In the last step we used ([29]), ([30]). Now (03]), ([55]) and ([MD imply (f39]l . 

Proo/ 0/ ( f!^ . We note that (ii2 = 1^3<t<„ ^u^t and El£-^2(ii2 = E^jSi, see ([I5|) . Next, we 
write 

Ei2di2 = p-^EE^ia^l = Pe"^(A + h)- 

and evaluate the quantity in the right hand side using (03]) and (06]), ([52]) . 

□ 

Proof of Theorem [IJ It is convenient to write r in the form 

r = r]/C, where r/ = E1244 - (Ei24)', C = Ei2(d'i)' - (Ei2<)2. (57) 

In the case where (ii-3) holds we obtain ([9]) from ([37]), ([38]), dM]) and ([57]). Then we derive 1^ 
from ([9]) using the identities 

ai = (3'/^Zi + o{l), S^ = Ziz{, i = 1,2,3. (58) 

Now we consider the case where (ii-2) holds and EZ^ = 00. It suffices to show that 

r] = 0(1) and liminf = +00. (59) 
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Before the proof of ()59p we remark that ()43p holds under condition (ii-2). In order to prove the 
first bound of (f59|) we show that Ei2(i'^(i2 — 0{1) and Ei2(i'i = To show the first bound 

we write £12^1^2 = Pir^EI^i2^'i^2 ^^^^ evaluate 

E%,,d;4 =E%,, ^ ^ (60) 

3<i<n 3<t,n<n, t^^u 

= (n-2)xi* + (n- 2)2x2*, 

where 

= E%2l£i3l£23 < El£i2%3 < m-^aaa? = 0(n-2), (61) 

In the last step we used ([29]) and ([SOD- We note that (gS]), ([60]) and dH]), ([62]) imply ^i2d'^d'2 = 
0(1). Similarly, the bound Ei2d'i = 0(1) follows from ([I3|) and the simple bound, cf. ([5l|) . 

Ei2(i'i = p7^(n - 2)El£,2%i3 < p-^nm-^a2a\. (63) 

In order to prove the second relation of ()59p we show that liminf Ei2(d'^)^ = +00. In view of 
(|43p and (|55p it suffices to show that liminfn^x* = +co. It follows from the left-hand side 
inequality of ([25]) that 



n^x* > rv'miMM.^lsrM, > mhhhZ!Z2ZsZ4{l - 0{m-^/^)f, (64) 

where, by the independence of Zi, . . . ,^4, we have EIil2l3]l4^i^2^3^4 = (EliZf) (El2Z2)^ 
Finally, (i) combined with (ii-2) imply EI2Z2 = + o(l), and (i) combined with EZ^ = 00 
imply liminf EIiZj* = +00. □ 

Proof of Remark 1. Before the proof we introduce some notation and collect auxiliary inequali- 
ties. We denote 

and observe that, under the assumption of Remark 1, I3n,hn,hn +00 and hn = o(m^/^). We 
further denote 

hh = \x,<h}^ Ij/i = 1 — hh, Sijh = 1 — Ijfc — Ijh — £h, 

where Sh = /i^(m — h)"^, and remark that lih = '^^z <h} ~ '^(1)- We observe that 

conditions (i), (ii-k) imply, for any given u € (0, k], that 

EZ^ = Zu + o{l), EZ^hh = z^ + oil), EZrli/, = 0(1). (65) 

Now from ()25p we derive the inequalities 

^ZiZ26i2h < BZiZ2hhhhil - Sh) < nBl£,,hhhh < nBIe,, < EZ1Z2. (66) 

Then invoking in (j66p relations EZi = zi + o(l) and EZiZ2(5i2/i = zf + o(l), which follow from 
()65p for n = 1, we obtain the relation 

npe = nEl£^, = zl + o{l). (67) 



12 



Similarly, under conditions (i), (ii-2), we obtain the relations 

n2El£,,%,3 =zjz2 + o{l), (68) 
n^El£,,l£,,l£,, = z\zl + 0(1), (69) 

and, under conditions (i), (ii-3), we obtain 

r?'EA£,^\e,^e^, = zlz^^o{\). (70) 

Let us prove the bound r = o(l) in the case where (i), (ii-2) hold and EZ^ = +oo. In order to 
prove r = o(l) we show (f59|) . Proceeding as in ([60|) . ([6T]) . ([62]) . ([63]) and using ([67|) we show the 
bounds Ei2d[d2 = 0{1) and Ei2d'i = 0(1), which imply the first bound of (f59|) . Next we show 
the second relation of ()59p . In view of ()55p and ()67p it suffices to prove that limsupn^x* = +c«. 
In the proof we proceed similarly as in (jM]) above, but now we use the product Iihl2h^3h^4h 
instead of Iil2ll3l4- We obtain 

n^x* > {EhhZf) {El2hZ2f (1 - Shf. 

Here El2/i-^2 = zi + o(l), see (j65p . Furthermore, under conditions (i) and EZ^ = +oo we have 
Eli/iZf — ^ +00. Hence, n^x* — > +oo. 

Now we prove the bound r = o(l) in the case where (i), (ii-3) hold. We shall show that 

r] = o(l) and liminf > 0. (71) 

Let us prove the second inequality of ([7T]) . Combining the first identity of ([55]) with ([57P and 
([68|) we obtain 

Ei2(i; = Z2 + o(l). (72) 
Next, combining ([^^ with ([H7P and (fTUP we obtain 

Ei2(4)2 = Ei24 + ziZ3 + o(l). (73) 

It follows from ()72p . ()73p and the inequality 2123 > z^, which follows from Hoelder's inequality, 
that = Z2 + Z1Z3 — Z2+ 0(1) > Z2 + 0(1). We have proved the second inequality of ([7T]) . 
Let us prove the first bound of (f7T]l . In view of ([60]) and ([72]) it suffices to show that 

p-W>,l = zl + 0(1), p-^nx* = 0(1). (74) 

We note that the first relation of ()74p follows from ()67p . ()69p . To prove the second bound of 
()74p we need to show that = o(n~^). We split 

and estimate, using ([30|) and ([3T]l . 

El£» %,3%,3 < EI^. l£,3 < m-2^-iEyi2y2XiX2F3 = ©(n'^-^"'). 

In the last step we combined the inequality Y'^ < Xf'I^Xi>s} (I2ZD- Furthermore, using the 
right-hand side inequality of ()48p we write 

ms,l£,,l£,, < Bl£,m-'Ys + Bl£,P,{Bs) 

and estimate, by ([29]) and ([32]) . 

E%,^m-iy3 < m~'Eyiy2^^3 = 0(n-2/3-V2)^ 

EI^,^P,(e3) < m-^m-'EY^Y2Y3X3iXl+^ + X',+') = 0(n-2-«"'). 

□ 
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Proof of TheoremlE Relations ^ follow from (|22]l and (pHj) . (Hn]l . 

Before the proof of (jl2p and ()13p we introduce some notation. Given two sequences of real 
numbers {An} and {Bn} we write An ~ Bn (respectively An ^ 0) to denote the fact that 
An — Bn = o{n^'^) (respectively An = o(n^^)). We denote p^, = 'P{vi ~ V2-, (![ = k) and 
introduce random variables, see ([23]) . F =Iil2, I = 1-F, and 

Here r = I^jgli^/ and r* = %i3%23l{d^=fc-i}> and = Yl4<t<n^£if We remark that the 
identity l£j^2 — ^£[2 + ^£"2 combination with 1 = I^-jg + I^-^g implies 

Ti = T2 + rs + r4. (75) 

Proof of [W\). < f73|) . In view of ([22]) we can write 

hk+i = Ei2((ii2|di = A;) =p7^E%j2l|rf/=fc|di2, (76) 
bk+i - 1 = Ei2(4l4 = fc) = p;'El£,2l{4=fc}4- 

Furthermore, by the symmetry property, we have 

E%,2l{<=fc}rfi2 = (n - 2)El£,2-r*, E%2l{<=fc}4 = (^ - 2)Eri. (77) 

We note that ([75|) . (f77|) combined with the identities Ifij''"* = T4 + rs and ([75|) imply 

/ife+i = (n-2)p;iE(r4 + T5), 6^+1 - 1 = (n - 2)p;1E(t2 + T3 + r4), (78) 

and observe that (fT2]) . (fT3]l follow from ([78]) and the relations 

P* = n-^{k + l)pk+i + o{n'^), (79) 

Et3 = n-^l3-\k + l){a2-ai)pk+i + o{n-^), (80) 

Et4 = n-'^P'^kaipk + o{n''^), (81) 

Eri = o(n~2), i = 2,5. (82) 

It remains to prove ([80]), dM]), ([82]) . 

In order to show ()82p we combine the inequalities 

with the inequalities, which follow from (j30p and ()3ip . 

El£-» l£:23r < EP(f;'2)P*('?23)II* < {m'^m)-^Y:yiY:^Y:iXiX2r = 0{n-'^m-^/'^) 

E%,2i£23i* < EP(fi2)P.(£:23)i* < m^'Eyiylnr = o{n-^). 

In the last step we used the bound 'EiYiY2Y'^ = o(l), which holds under conditions (i), (ii-2). 
Proof of (E2P- We have 

Et4 = EIp, P,(£:23 n £n)P,{d\ = k-l). (83) 
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We first replace in §3^ the probability P*(£:23 n £:i3) by P*(^3) = Y^/rh using ([iZD, (gHD. Then 
we replace P*(d^ = k — 1) by fk-ii/3~^o,iYi) using Lemma[5l Finally, we replace I^j^ by m~^YiY2 
using ([29|) . We obtain 

Et4 ~ m-^EIe,Y3p,{dl = k-l) (84) 
~ m-iE%,^y3/fe_i(/3-iaiyi) (85) 
~ rh-^EYiY2Ysfk-i{r^aiYi) (86) 
= n-^(3-^alBYifk.i{r'aiYi). (87) 

Here ()84p follows from the bound E][£:/^P*(i33) = o(n^^). To show this bound we write 

hi,P*il33) = %;/.(S3)(I* +r) < ^^P.iBsW+^^P^B^,)!*, 
where = {Ds n (Di U Z?2)| > «}, and estimate, see ([29]), ([32]), ([MD, 

E]i£j/,(^3)r < m-2m-iEyiy2i3^3(^i'+' + ^2+')r 

< m-'^m-^/'^BYiY2YsX3{Xl + X|) 
= 0(n-2m-3/4)^ 

Ei^j/,(^^)r < m-2Eyiy2i3(^f + ^1)1* 

< o(n-2). 

Furthermore, (j85p follows from the bounds El£;j^y3i?^ = o(n~^), 1 < j < 4, see (|35p . We show 
these bound using ()29p . For 1 < j < 3 the proof is obvious. For j = 4 we need to show that 
'EI^i^^Y^Y^ = o(l). For this purpose we write (using the inequality Iiyi < Iim*/^) 

Is^Y^^Ys = le^Y.^Ysih +h) < m'/%,YiYsIi + Y^^Y^h 

and note that the expected values of both summands in the right hand side tend to zero as 
n — )• +00. Finally, follows from ([22D and implies directly ([57|) . 
Now we derive (18111 from (1871). We observe that 



k-'r'aiBYifk-iir'aiYi) = Efkir'^iYi) ^ E/fc(ziZ) 

(here we use the fact that the weak convergence of distributions (i) implies the convergence of 
expectations of smooth functions). Furthermore, by ([5]), Efk{ziZ) = pk- Hence, ([87|l implies 

Proof of (Eg). Introduce the event C = {L>3 n {Di \ D2) = 0}, probability p = P*(£:^3 nC n^i3), 
and random variable H = m~^(y2 — 1)13. We obtain ()80p in several steps. We show that 



Er3 ~ El£/^pl{rf.=fe| 

~ Bls>^H\a*=k} (89) 

^ m^,Hfk{fi-^aiYi) (90) 

~ m~^BYiY2Hfk{r^aiYi) (91) 

~ m-^{a2-ai){k + l)l3pk+i. (92) 
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We note that ()88p is obtained by replacing I^^^ by the product I^^^Ic in the formula defining T3. 
In order to bound the error of this replacement we apply the inequality 

Is>Ic<le,,<h^lc + lBs. (93) 

and invoke the bound Eil£!^l£-^^.^IisQl^d[=k} ^ EI^/^P*(03) = o(n~^), see the proof of above. 
We remark that the left hand side inequality of ()93p is obvious. The right hand side inequality 
holds because the event £23 implies (1S23 f^C) U B3. 
In ()89p we replace p by i?. To prove (|89p we show that 

We remark that the first and third relations follow from the simple bounds, see ()29p . pop . 

m£,^pl{ai=k}h < ^h[M-J^ ^ m-^BY^YiYsh = o{n-^), 
E%;Ji/|I{rf,=,}Ii < m-'BYiY2\H\h = o{n-^). 

In order to show the second relation of (|94p we split 

p = P*(?l3|f23 n C) P*(43|C) P*(C) =: P1P2PZ (95) 

and observe that pi is the probability that the random subset D^, n D2 (of size s) of D2 does 
not match the subset Di n -D2 (we note that \Di n -D2I = s, since the event £[2 holds). Hence, 
pi = 1 — Y2 ■ Furthermore, from ()25p we obtain 

P3 = 1 - P*(I?3 n {Di \ I?2) / 0) > 1 - P*(I)3 n Di / 0) > 1 - m-iXiXg. (96) 

Finally, p2 is the probability that the random subset -D3 of \ {Di \ D2) intersects with D2 in 
exactly s elements. Taking into account that the event £[2 holds we obtain (see (j29p . (jSSp ) 

mr^^2^3l2ll3(l - mV2/(^' _ Xi)) < p2 < ?^r^^2^3. (97) 

Here we denote mi := (™ ) and m' = |VF \ (-Di \ D2)\ = m — {Xi — s). We remark that on the 
event {Xi < m}/^^ we have m' = m — 0{m?/'^). Hence, for large m, (j97p implies 

m-iy2>3<^23lli < P2I1 < m"^y2i1sli(l + + o(l)). (98) 

Now, collecting ([96]) . (f98|) . and the identity pi = 1 — Y2^ in ([95]) we obtain the inequalities 

l£'Ji523H{l - m-^XiX^) < l£,I,p < Ie^IiH{l + 0(m-3/4)) (gg) 

that imply the second relation of 

In the proof of (f90|) . (f9T]l . ([92]) we apply the same argument as in (f85]l . (f86|) . (f87|) above. 
Proo/ o/ ([^. We write 

= El£,,P,{d[ = k) = EP(£:i2)P*(4 = k) 

and in the integrand of the right hand side we replace Y'^,[d'^ = k) by fkil^^^ciiYi) and P(<Si2) 
by ■m~^YiY2 using ([35]) and ([29]) . respectively. □ 
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4.2 Passive graph 

Before the proof we introduce some more notation. Then we present auxihary lemmas. After- 
wards we prove Theorems [3l [H 

By Ejj we denote the conditional expectation given the event £ij = {wi ~ wj}. Furthermore, 
we denote 

Pe = P{£ij), = A n Dj, = I Ajl, Xi = BXl, Vi = E(Xi)„ Ui = E{Z)i. 

For w £ W, we denote Ii{w) = Ij^g^).} and Ii{w) = 1 — Ii{w), and introduce random variables 

Liw) = kiw), k{w) = Uw){Xi - 1), 

l<i<n 

Q{w) = ^ Qij{w), qij{w) =Ii{w)Ij{w){Xij - 1), 

Sl= 'Y Si, 82= ^ SiSj, Si =Ii{wi)Ii{w2). 

l<i<n l<*<i<'T' 

We say that two vertices Wi,Wj S W are linked by Df^ if Wi,Wj £ D^. In particular, a set 
defines {^2^ links between its elements. We note that Lt = L{wt) counts the number of links 
incident to wt- Similarly, Qt = Q{wt) counts the number of different parallel links incident to wt 
(a parallel link between w' and w" is realized by a pair of sets A, Dj such that vj\ w" E DiCiDj). 
Furthermore, Si counts the number of links connecting wi and W2 and 5*2 counts the number of 
different pairs of links connecting wi and W2- We denote the degree dt = d{wt) and introduce 
event Ct = {Lt = dt}. 

Lemma 7. The factorial moments (5*, = E((i**)j and Ui = E(Z)j satisfy the identities 

'5^1 = r^u2, 5^2 = r^ui + r^us, 5,3 = r^ul + 3r^u2U3 + r^u4. (loo) 

Proof of Lemma We only show the third identity of (jlOOp . The proof of the first and second 
identities is similar, but simpler. We color 2; = zi + • • • + z,. distinct balls using r different colors 
so that Zi balls receive i-th color. The number of triples of balls 

(3) = E (3) + E (2) E E (101) 

i£[r] i€[r] je[r]\{i} {iJ,fc}cH 

Here the first sum counts triples of the same color, the second sum counts triples having two 
different colors, etc. We apply (|1U1|) to the random variable ("^3*), where d^^ = Zi + • • • + Z\. 
We obtain, by the symmetry property, 

EC^**) = EAE(f ) + E(A)2E(f )EZi + E{^)(EZif. 

Now invoking the simple identities E(A)j = (EA)* = {uif3~^y and E(Zi)j = Ui+iu^^ we obtain 
the third identity of ([TUn]). □ 

Lemma 8. We have 

ESi = n~'(3~^y2 + R[, (102) 

ELi5i = n-'^-\y2 + ys) + n'Vn 'yl + R2, (103) 

ELiLi5i = n-^^-\y2 + Sz/s + Vi) + ^.n'^ y2{y2 + Vz) + rT^ ^-^l + B!^, (104) 

ELiL25i = n-i/3-2(y4 + 82/3 + V^) + 2n-i/3-3y2(2/3 + V2) + n~Vn^yi + (105) 
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where, for some absolute constant c > 0, we have \R[\ < cn ^/3„^X2 and 
\R'2\ < cn-\(3-' + (3-^)x4, 

\R'j\ < cn-2/3-3(l + /3~^ +X2 + Pn'^X2)xi, j = 3,4. 

Proof of Lemma\^ We only show (jlOSp . The proof of remaining identities is similar or simpler. 
We write, for t = 1, 2, = L{wt) = h{wt) + L[ and denote Tj = Esj = {m)2^{Xj)2. We have, 
by the symmetry property, 

EL1L2S1 = nEsiLiLa, (106) 

ES1L1L2 = Bsili{wi)li{w2) + 2'Esili{wi)L2 + BsiL[L'2, 

BsiL[L2 = {n - l)Esil2{wi)l2{w2) + {n - l)2'Esil2{wi)k{w2), 

Esih{wi)L'2 = (n- l)Esi/i(u;i)/2(w2)- 

A straightforward calculation shows that 

BsMmMw2) = (Xi-l)2ri = (m)^i((Xi)4 + 3(Xi)3 + (Xi)2), 
BsMwiMw2) = m-\X, - 1){X2 - l)X2Ti = m-\m)2' {{Xi)^ + (Xi)2) (X2)2, 

EsMwiMw2) = {X2-lfTiT2 = {m)2\Xi)2{{X2)A + ^{X2)3 + {X2)2), 

BsMwi)k{w2) = m~\X2)2{X3)2ri = m-\m)2HXMX2)2{X3)2. 
Invoking these expressions in the identity EiSili{wt)lj{wu) = E'Esili{wt)lj{wu) we obtain expres- 



sions for the moments Esili{wt)lj{wu)- Substituting them in (jl06p we obtain (|105p . □ 



Lemma 9. We have 

ES2 < Q.bn-'^p-^xl, (107) 

ELi52 < n-'^(3-'^X2X3 + O.Sn-^/J-s^;!^ (108) 

EQiSi < 71-^13-^X2X3 + 0.5n-2/3-5x3, (109) 
EL1Q2S1 = EL2Q1S1 < n-'^p-^(2x2Xi + 1.5/3-^x^x3 + O.S/J-^x^) + 71-3/3-^x^X4, (110) 

ELiQi^i < n-2/3-4(xi + X2X4) + 2. bn-^ 13-^x1x3 + O-bn-"^ P'^xi (111) 

EL1L1S2 < n-2/3-^(xi + X2X4) + 2.5n-'^l3-^xlxs + O.Sn-^/J-^x^, (112) 

EL1L2S2 < n-^p-\x2X^ + xl + 2^-^x1x3 + 0.5/3-2x^) + n-^Q.^p-^xlx^, (113) 

EQMwi){Xi - 1)2 < 4n-2/3-3y2(y3 + ^4 + rh2y3). (114) 



Proof of Lemma We only prove (jllOp . The proof of remaining inequalities is similar or sim- 
pler. In the proof we use the shorthand notation /j = li{wi) and qij = qij{w2)- 
To prove (jllOp we write, by the symmetry property, 

EQ2L1S1 = {^)Eqi2LiSi 

EquLiSi = 2Eqi2hSi + {n-2)Eqi2l3Si, 

Eqi2hSi = Eqi2hsi + Eqi2hs2 + {n - 2)Eqi2hs3, 

Eqi2l3Si = Eqi2l3Si + Eqi2l3S2 + Eqi2l3S3 + {n - 3)Egi2Z3S4 

and invoke the inequalities 

Eqi2liSj < m^'^X2X4, Eqi2l3Sj < m~^xlx3, j = l,2, 

Eqi2hs3 < 771-^X2X4, Egi2/3S3 < 771-^X2X3, Egi2/3S4 < m~^x\. 
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These inequalities follow from the identity 'Eqi2hsj = EEquhsj and the upper bounds for the 
conditional expectations Egi2/iSj constructed below. 
For i = 1 and j = 1, 2, we have 

Bqi2hsj < Bquh = (Xi - l)Bqi2liiwi) < m-^Xfxi. (115) 

In the first inequality we use Sj < 1. In the second inequality we use the inequality 

Egi2li(t«i) = r]C< m^^Xfxl (116) 

Here = E {X12 - l|li(u7i)Ii(tt;2)l2(tt;2) = l) and ^ = P ili{wi)hiw2)hiw2) = 1). We note 
that given Xi, X2, Di, the random variable rj evaluates the expected number of elements of 
Di \ {W2} that belong to the random subset D2 \ {W2} (of size X2 — 1). Hence, we have 
r] = (m — l)^^(Xi — 1)(^2 — 1)- Furthermore, the probability 

e = P{wi,W2 G Di) X P{W2 G L»2) = W X ^. 

(2) 

Combining obtained expressions for r] and ^ we easily obtain (|116p . 
For i = 1 and j = 3, we write, by the independence of Di,D2 and D3, 

Egi2/iS3 = (Egi2/i)(Es3) < m-'^XfXlXi. 

In the last step we used Esa = (X3)2(m)2^"'^ and £512/1 < m^'^XfX'^i see (jllSp . 

For z = 3 and j = 1,2, we write £(712/35^ = (E(7i2lj(tL'i))(E/3), by the independence of Di,D2 

and D3. Invoking the inequalities 

E/3 = (X3 - l)P{wi G D3) < m-^Xl Eqi2h{wi) = < m-^XfXl 

see (fTT6]l . we obtain £912/351 < m~^XfX|X|. Similarly, £512/352 < m"^XfX|X|. 
For i,j = 3, we split £(512/353) = (£5i2)(£/353) and write £512 = Here 

m = P{Xi2 - l|Ii(ii;2)Il2(w;2) = 1), 6 = P{hiw2)h{w2) = 1). 

Invoking the identities r]i = (m — l)~^(Xi — 1){X2 — 1) and ^1 = 111^^X1X2 we obtain 

Eqi2 = r/16 < m-^Xfxl (117) 

Combining (|117p with the identities E/353 = {X3 — 1)E53 = (X3 — l)(X3)2{m)2^ we obtain the 
inequality E512/353 < m"^X^X|X|. 

For i = 3 and j = 4 we write by the independence of Di, D2, D-^, D4, and (|117p 

E512/354 = (E512) (E/3) (E54) < {m-^Xfxl) {m-^Xl) {m-^Xi) = nT'' Xlxlxlxl. 

□ 

Proof of Theorem O In order to show ()15p we write 

£12^1^2 - (Ei2di)^ ^ peEdid2le,, - (Edil£,, f 
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and invoke the expressions 



Pe = E5i + 0(n-2/3-4), (119) 

Bdjie,, = EL?5i + 0(n-2/3-4(l + /3-2)), 
Edid2l£,, = ELiL25i + 0(n-2/3-4(l + /3-2)). 

Now the identities of Lemma [8] complete the proof of (jlSp . 
Let us prove ()119p . We first write, by the inclusion-exclusion, 

Si-S2< Is,, < Si, (120) 
Lt-Qt<dt< Lt. (121) 

Then we derive from (|121|) the inequalities 

< L1L2 - did2 < L1Q2 + L2Q1 and < Lj - dj < 2LiQi, (122) 

which, in combination with ()120p and ()12ip . imply the inequalities 

0<LiSi-dil£,,<LiS2 + QiSi, (123) 
< LjSi - dlls,, < LIS2 + 2LiQiSu 

< L1L2S1 - did2l£,, < L1L2S2 + L1Q2S1 + L2Q1S1. 

Finally, invoking the upper bounds for the expected values of the quantities in the right hand 
sides of (jl23p shown in Lemma [H we obtain (jll9p . 

Now we derive ()16p from (jlSp . Firstly, using the fact that (iii), (v) imply the convergence of 
moments E(Xi)j — E(Z)j, for i = 2,3,4, we replace the moments in by Ui = E(Z)i in (fT5|) . 
Secondly, we replace Ui by their expressions via (5*j. For this purpose we solve for U2, U3, U/i 
from (jlOOp and invoke the identities 

<5*i = (5*1, (5*2 = <5*2 — 5*1, (5*3 = (5*3 — 3(5*2 + 2(5*1. (124) 

For /3„ — )• +00 relation (jlSp remains valid and it implies r = 1 + o(l). 

For /3„ — )• the condition — t- +00 on the rate of decay of /3n ensures that the remainder 
terms of ()119p and Lemma [8] are negligibly small. In particular, we derive (jlSp using the same 
argument as above. Letting /3„ — )• in (fT5]) we obtain the bound r = o(l). □ 



Proof of Theorem Before the proof we introduce some notation. We denote 
H = li{'Wi){Xi - 1)2, Pke = 'P{w2 ^ wi,di = k). 



l<i<n 



Given Wi,Wj G we write dij = d{wi,Wj). A common neighbour w of Wi and Wj is called 
black if {w,Wi,Wj} C Dr for some 1 < r < n, otherwise it is called red. Let d[j and d'-j denote 
the numbers of black and red common neighbours, so that d'-- + d'-, = dij. Let w^, be a vertex 
drawn uniformly at random from the set W = W\{wi}. By d'l^ we denote the number of black 
common neighbours of wi and it;*. By fi* we denote the event {wi ~ w*}. We assume that w* 
is independent of the collection of random sets Di . . . , Dn defining the adjacency relation of our 
graph. 
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In the proof we use the identity, which fohows from (|102p , ()119p , 

Pe =n-l/3-2y2 + 0(n-2). (125) 

We also use the identities, which fohow from (jlOOp and (|124p 

1 + r^U2 + U2^U3 = 5,2ClS P~^U2 = 5*1. (126) 

We remark that ()126p in combination with relations yi ui as n, m — )• +oo, imply the right 
hand side relations of ([H]), ^ and (pT]) . 

Now we prove the left hand side relations of ([IHD and (PT|) . and the relation ([^ . 

In order to show (fTSl) we write 6 = ^"^Edilf^j s-'^cl invoke identities ()119p . (|103p and ()125p . 

Proof of / fTPj) . We write /i = p~-'^E(ii2l£-i2 and evaluate 

Edi2%i2 = ?^"'/3n'y3 + 0(n-'). (127) 
Combining (fT25|) with (fT27|) we obtain ([19]). Let us show (fT2711 . Using the identity 

^12 = d'12 + <2 = 42l£i + 42l£i + rfi2 (128) 

we write 

Edi2l^i2 = E<2%i2l£i + ^1 + ^2, (129) 

where Ri = Ed']'2l£'i2 and R2 = El£^(i'^2%i2- Next, we observe that El£j(i'^2%i2 = El^^d'j^^If^^ , 
for 2 < j < n, and write 

El£,42%i2 = El£,4,%,. = EI^,F(m - (130) 

We explain the second identity of (jlSOp . We observe that H{m — is the conditional expec- 
tation of d[^Ig^^ given Di, . . . ,Dn- Indeed, any pair of sets Di,Dj containing wi intersects in 
the single point wi, since the event Ci holds. Consequently, each Di containing wi produces 
Xi — 2 black common neighbours provided that w* hits Di. Since the probability that w.^ hits 
Di equals {Xi — l)/(m — 1), the set Di contributes (on average) (m — l)~^li{wi){Xi — 1)2 black 
vertices to d'^^. 

Now, by the symmetry property, we write the right-hand side of ()130p in the form 

72 72 72 

-mcMwi){Xi - 1)2 = -EIi(u;i)(Xi - 1)2 -R^ = -— ys - Ri, (131) 

m — 1 772 — 1 (772 9 



where, i^s = ^El£ji(u'i)(Xi - 1)2. Finally, we observe that (fT27D follows from (fT29]) . (fT30]) . 
(fml) and the bounds Ri = 0{n-^), i = 1, 2, 3, which are proved below. 
In order to bound i = 1,2, we use the inequalities 

d'u <di<Li, < Si, Ic, = I{L,^d,} = I{Qi>i} < Qi (132) 

and write R2 < EQiLiSi and R^ < n{m — l)~iEgiIi(?i;i)(Xi - 1)2. Then we apply (fTTT]) and 
()114p . In order to bound Ri we observe, that the number of red common neighbours of ti;i,77;2 
produced by the pair of sets Di, Dj is 

aij = {li{wi)Ij{'W2)Ij{wi)Ii{w2) +Ij{wi)Ii{w2)Iiiwi)Ij{w2)) Xij . 

Hence, on the event wi,W2 G Di we have d'(2 < Yl2<i<j<n'^ij^ since elements of Di \ {wi,'W2} 
are black common neighbours of wi,'W2- ^From this inequality and the inequality I^-^^ < Si we 
obtain 

Ri < Edi2Si = nEdi2Si < ^("2^) £51023. (133) 
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Furthermore, invoking in ()133p identities 

E(sia23) = EE(sia23) = E (esi) (eoss) , Esi = (X^a/Ms 
and inequalities 

Ea23 = 2Bh{wiMw2)Uwi)l2{w2)X23 < 2^^ (-^2-l)(X3-l) 

mm m — 2 

we obtain iii = 0(n~^). 

Proof of \2U\) . In the proof we use the fact that the random vector Li) converges in distri- 
bution to (d2*,'i**) as n — )• +00. We recah that H is described after ()130p . The proof of this 
fact is similar to that of the convergence in distribution of Li = X]i<i<n ~ ^) 

random variable d^^,, see Theorems 5 and 7 of [6]. We note that the convergence in distribution 
of {H, Li) implies the convergence in distribution of Hl^i^^}.^ to d2*I{d„=fc}- Furthermore, since 
under condition (v) the first moment Ei? is uniformly bounded as n — )■ +00 and E(i2* < 00, we 
obtain the convergence of moments 

Em{i^=fc| ^ Ed2J{d„=fc} as n^oo. (134) 

In order to prove ()20p we write 

hk = E(di2|wi ~ W2, di = k)= p~l¥,di2le^^l{d^=k} 

and show that 

Pke = km~^V{d^^: = k) + o(n~^), (135) 
Edi2l£,2%=fc} = m-^Bm{L,=k} + o{n-^). (136) 

We remark that (|134p in combination with (|135p and (|136p implies (|2Up . 

Let us show ()135p . In view of the identities pte = ^{wi ~ tfi, di = /c), 2 < i < n, we can write 

Pke = P(^w* ~ wiidi = k) = V{wtf ~ wi\di = k)Y*{di = k). 

Now, from the simple identity P(tf^, ~ wi\di = k) = k{m — 1)^^ and the approximation 
P{di = k)= P((i„ = k) + 0(1), see [6], we obtain (fT35]l . 
Let us show (fTM]) . Using (fliH]) we obtain, cf. (fT29D . 

Edi2l^i2l{rf,=fc} = E42%i2l{di=fe}I/:i + 0(n-2). (137) 
Furthermore, proceeding as in ()130p . we obtain 

m'^^le,,l{d,=k}^c, = Bd'^Ml{d,=k}^c, = (m - l)-^BH\^^^k}^c, ■ (138) 
Next, we invoke identity 'EiHl^^^^k}^Ci = ^Hl^i^^k}^Ci and approximate, cf. (|13ip . 

(m - l)-^BH\L,=k}^c, = {m- l)-^BH\L,=k} + 0{n-^). (139) 
Combining (fT37D . (pHD and (fT39]l we obtain (fT36]l . 

Proof of [21]} . Let (ii2 denote the number of neighbours of which are not adjacent to W2, 
and let hk = E{di2\wi ~ W2,d2 = k). We obtain (f2T]l from the identity 

6fc = E((ii|u;i ~ u;2, (i2 = /s) = 1 + /ife + /ifc 
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and the relation hk = /3„ ^y2 + o{l). In order to prove this relation we write 

h = Pllr, where r = 'Edi2le^^l{d2=k}, 
and combine (|135p with the identity 

T = /cm-i/3-iy2P(rf** = k) + o{n-^). (140) 
It remains to prove (|14U|) . In the proof we use the shorthand notation 

rii=li{wi)li{w2){Xi-l), r][ = j]il£^^l{d2=k}^Ci, Vi = ni^Sr2hd2=k}- 
Let us prove (|14U|) . Using the identity 1 = Ici + ^Ci we write 

Next, assuming that the event Ci holds, we invoke the identity di2 = J2i<i<nVi ^^'^ obtain 

Bdi2l€i2hd2=k}^c, = E r]'i = nBi]'^. 

l<i<n 

In the last step we used the symmetry property. Furthermore, from the identity 

E7][ = Er?'/ - i?5, R5 = E7?i%,2l{d2=fe}I/:i , 

we obtain r = nEr/" + R4 — nR^. We note that inequalities di2 < di < Li and (|132p imply 

Ri < BLiSiQi, i?5 < EIi(u;i)(Xi - l)5iQi = n-^ELi^iQi. 

Now, from (jllip we obtain ii4 = 0{n^'^) and i?5 = 0(n^'^). Hence, we have r = nE?7^' + 0(n~^). 
Finally, invoking the relation 

Er/'/ = A;m-2y2P(d** = A;) + o(n-2), (141) 

we obtain ()140p . To show ()14ip we write 

Er?i' = Er/iAC, k = E (l£,2ll{d2=fc} |^i) , (142) 

and observe that on the event W2 ^ -Di the quantity k evaluates the probability of the event 
{wi ^ W2,d2 = k} in the passive random intersection graph defined by the sets D2, ■ ■ ■ , D3 
(i.e., the random graph G^(n — l,m,P)). We then apply (|135p to the graph Gl{n — l,m,P) 
and obtain k = km~^F(d^:^ = k) + o{n^^). Here the remainder term does not depend on Di. 
Substitution of this identity in ()142p gives 

Br]'l = (A;m~^P(d„ = k) + o{n-^)) Er/i. 

The following identities complete the proof of (|14ip 

Er?i = EIi(u'i)(Xi - 1) -EIi(u'i)Ii(u'2)(Xi - 1) 
= rn~'^y2- im)2^{y3 + y2). 

□ 
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